The locations for the collinear libration points in the framework of the restricted three-body problem are determined when the bigger primary is a triaxial rigid body. The analysis of the periodic motion around these points is performed and given up to second order in the case that the initial state of the motion gives rise to periodic orbits. Moreover, some numerical results for the locations of collinear points are provided and the graphical investigations for the periodic motion are plotted, as well. It is worth mentioning that the collinear libration points and associated periodic orbits are considered the optimal placement to transfer a spacecraft to the nominal periodic orbits or to an associated stable manifold.
Introduction
The restricted three-body problem is one of the most important branches in celestial mechanics. This is due to its valuable applications for orbit design and space navigation flights. The literature is rich in works about finding the positions of the libration pints, studying their linear stability, and obtaining the orbits of motion around them. Since the land mark work of Szebehely, see [24] , which studied the original problem consisting of the restricted three-body problem with the primaries considered spherical, many researches have been made looking for a generalization of the problem by considering the elliptic problem rather than the circular problem, see [14] . While in the frame of the deviation of the shape of the primaries from the complete sphere, or their physical nature being radiating or having a magnetic field, were introduced in [20, 21] .
In [18] , they studied the periodic orbits generated by Lagrangian solutions of the restricted three-body problem whenever the bigger primary is radiating and the smaller is an oblate spheroid. The existence and stability of the libration points in the restricted problem, when the three bodies are oblate and the primaries are radiating, were studied in [10] . They also provided the periodic orbits around the triangular points. In addition, it was proved in [2] that the locations for the triangular points as well as their linear stability depend on the parameters regarding the first two even zonal harmonic of the more massive primary in the planar circular restricted three-body problem. Moreover, it was also showed therein that the triangular points become stable for 0 < µ < µ c , and unstable provided that µ c ≤ µ ≤ 1/2, where µ c is the critical mass parameter, which depends on the coefficients of zonal harmonic. Further, some numerical values regarding the positions of the triangular points, mass ratio and critical mass for the planets systems in our solar system, were provided.
The motion around the collinear equilibria when the bigger primary is an oblate spheroid was studied in [16] . Further, [25] deals with the motion around the collinear equilibrium points in the restricted three-body problem when the larger primary is radiating and the second primary is an oblate spheroid. For additional details, see [3, 4, 8, 13] .
Furthermore, in [13] , it was presented a comprehensive analytical study regarding the existence of the libration points and their linear stability in the restricted three-body problem under the effect of the first two even zonal harmonic parameters with respect to both primaries. They also found out the periodic orbits around the libration points, the expressions for semi-major and semi-minor axes, the eccentricities, and the periods of elliptical orbits, as well as the orientation of the principal axes. Moreover, there is an extensive and analytical study which has a great scientific sound in the framework of the restricted three-body problem. These studies on the existence of libration points, their linear stability, the periodic and secular solutions, as well as the solutions through numerical integration methods under the effects of the lack of sphericity and radiation pressure, has been introduced by E.I. Abouelmagd and his research group. See for example, but not limited to, [5, 6, 7, 9, 11, 12] . Furthermore, there are also some studies focus on this problem under the effect of the aforementioned perturbed forces,that must be taken into a consideration of the reader, see [1, 19, 23, 26] .
However, the motion in the proximity of collinear libration points in the framework of the restricted three-body problem has attracted the interest of many other works, including [15, 17] . The periodic orbits around the collinear libration points represent an interesting case of motion in astrodynamics, since the moving body remains for infinite time in the proximity of an unstable equilibrium point. These orbits have a special importance, since they may be considered as the limiting case of asymptotic orbits to the Lyapunov periodic orbits (for further details, see [16] ).
In this work, we present an analytical study regarding the periodic motion in the proximity of collinear libration points provided that the bigger primary is triaxial. This motion has been proved to be generally unstable in the case that the bigger primary is triaxial and radiating [22] . This also remains true whether the radiation effect is neglected. Nevertheless, for certain initial values for the velocity, it holds that periodic motions could exist around the three collinear points. The positions of the collinear points are obtained by considering the triaxiality of the bigger primary as a perturbation for the motion, and periodic orbits around them are obtained up to second order. Numerical results are provided for some chosen values for the parameter µ and the triaxiality terms of the bigger primary which are in turn functions of the moments of inertia of the bigger primary and the distance between the two primaries, respectively.
Equations of motion
In this paper, they are used the notations and terminology of Szebehely (1967) . We will take the distance between the primaries equal to one; the sum of the masses of the primaries is also taken as the unit of mass.
The unit of time is also chosen as to make the gravitational constant is unity. Using dimensionless variables, when the bigger primary is a triaxial and the smaller is a spherical body as well as both of them are not radiating, the equations of motion of the infinitesimal mass in a synodic coordinate system (x, y) can be written in the following form (see [22] )
Note that µ ∈ (0, 1/2] is the parameter of mass ratio, m 1 , m 2 are the masses of the primaries within m 1 ≥ m 2 ,
, and C are the semi-axes of the triaxial rigid body, and R is the distance between the primaries, as well. Further, n is the mean motion of the primaries, which is governed by
It is worth mentioning that for an oblate body, σ 1 = σ 2 .
Locations of the collinear points
If the collinear points are located in y = 0, then the derivatives of Ω with respect to x and y, resp., are given by
This leaves us a small parameter in the problem, namely, ε = 2σ 1 − σ 2 , which takes the problem from the original case of a point mass to our case consisting of a triaxial rigid body. Thus, let us expand the locations of the collinear libration points as follows:
where x J,0 are the coordinates of the collinear points whether σ 1 = σ 2 = 0. The above expansion is used to solve Eq. (3.1) in order to get the next locations for the collinear libration points:
where x 1 < −µ < x 2 < 1 − µ < x 3 , and P J,i 's depend on µ and x J 's.
Motion around the collinear points
The three collinear points are proved to be generally unstable whether the bigger primary becomes triaxial (see [22] ). However, for certain initial conditions, periodic and stable orbits may exist. We study the motion regarding the collinear points as follows. Let
where |ξ|, |η| << 1. Thus, substituting in Eq. (2.1) and expanding Ω x , Ω y in Taylor series up to second order around the collinear points, we obtain
where a 1 , a 2 , a 3 , and a 4 are the non-vanishing coefficients in that expansion. Their values are given below:
and
To solve Eq. (4.1), the involved coefficients are written in the next form:
where i = 1, 2, 3, 4, the values of a i0 and a i1 are the terms free of the small parameter ε, and the coefficients of it, respectively. Next, let us expand the variables ξ, η as
Substituting Eq. (4.2) into Eq. (4.1) and equating terms of the same order in ε with keeping the terms up to second order of ε, we obtain two system with second order, such that the first is linear (LS) while the second is non-linear system (NS).
LS:
The solution of the linear system (LS) is simply the linearized motion about the equilibrium collinear points in the classical sense. Seeking a periodic motion about the collinear points, the initial conditions are taken such that only the terms resulting in periodic motion remain. This is accomplished by choosinġ 5) and hence,
where s is the angular frequency of motion, and ξ 0 , η 0 are selected to match the initial conditions. In this context, the values of Γ and s will be controlled through the following expressions:
For a comprehensive and extended details about the method of constructions of Eqs. (4.5 -4.7), see [7, 10] .
A particular solution for Eq. (4.4) (NS), will be ruled by where the superscripts C, S of α and β refer to the coefficients of cosines and sines: 
After determining the quantities of variations ξ 1 , ξ 2 , η 1 , η 2 , we can state that Eq. (4.2) describes the possible periodic motion about the collinear equilibrium points up to second order.
Numerical results
In this section, some numerical results are provided for the problem in each point. In the first subsection, the locations of the collinear points within the existence of triaxial terms of order 0.01 and 0.1 are given in comparison with the case of a spherical body (corresponding to ε = 0). These locations are calculated for different values of the parameter, whose mass ratio is µ = 0.1, 0. 
Comparison results for the locations of the collinear points
In this subsection, the locations of the collinear points x 1 , x 2 , and x 3 , will be determined for two different values which represent the effect of triaxiality. To investigate the influence of the non-sphericity, such locations have been also calculated whether the bigger primary has spherical shape; see forthcoming Tables  1-3 . Table 3 : Locations of x3.
Curves of motion around the collinear points
One of the key facts related to periodic trajectories around collinear libration points to be checked is if the moving body remains an infinite time in the vicinity of collinear points. Moreover, it holds that these orbits can be used to transfer the trajectory of the infinitesimal body (for instance, a spacecraft) to periodic orbits close to the nominal or to associate stable manifolds. The basic idea behind this approach depends on the fact that making a spacecraft to follow a reference periodic orbit is often not critical, while it is much more important to save enough fuel for station-keeping during the planned mission term. Thus, a special attention has been paid in this subsection on the graphs of periodic orbits in the proximity of collinear points having several values for mass ratio µ and period T , where T is the dimensionless periodic time given by T = 2π/s, see Figs. (1)- (15) . It should be noted that, since the motion in the vicinity of the collinear points are unstable in general, there is a special interest to find their locations and associated periodic orbits, as well. These points provide a useful platform to investigate both the solar system and the universe. This importance comes from a growing interest in missions to collinear libration points and associated periodic orbits.
Conclusion
In this paper, the equations of motion in the framework of the restricted three-body problem are found where the bigger primary is a triaxial rigid body. The locations of the collinear libration points have been also evaluated. The analytical study on the periodic solution around these points is constructed and given up to second order in the case that the initial state of the motion gives rise to periodic orbits. Furthermore, some numerical results are established for the locations of each collinear libration point with the existence of triaxial terms. These results are compared with the case consisting of the bigger primary has a spherical shape for different values regarding the mass ratio. Moreover, the curves of motion in the proximity of these points have been also plotted. Finally, we would like to point out that the model of the restricted threebody problem results interesting in space dynamics, and in particular, if the model includes the effect of the triaxiality. In that case, significant improvements for theories regarding the motion for certain satellites in our solar system will follow.
